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The properties and potentials of the noniterative Laplace deconvolution (LAP2) (M. Ameloot and H. Hendrickx, Biophys. J. 
44 (1983) 27) are further investigated. It is shown that LAP2 is exact and that no extrapolations have to he calculated or 
assumed for the data measured in the actual time window if the impulse response function of the investigated system can be 
described by a sum of exponentials. The formulas for the LAP2 deconvolution against the measured decay of a reference 
compound instead of the recorded excitation profile are derived. The procedure for the simultaneous analysis of multiple 
fluorescence decay curves hy LAP2 is described in detail. This global analysis allows one to link any decay parameter, is fast 
and compares favorably with the nonlinear least-squares iterative reconvolution methods. Because of its short computation 
time the global analysis by LAP2 provides an efficient way to analyze the fluorescence decay surface in terms of decay 
associated spectra 

1. Introduction 

The analysis of fluorescence decay data ob- 
tained by pulsed systems has received much inter- 
est during the last decade. Because of the finite 
width of the excitation pulse, a deconvolution has 
to be performed to extract the parameters of the 
fluorescent system from the measured data. Vari- 
ous appropriate methods have been suggested 
which have been extensively reviewed and com- 
pared [l-6]. The various approaches can be di- 
vided mainly in two groups. Data analysis can he 
performed either in real time, using least-squares 
methods [7,8], or in transform domains, using the 
method of moments [9], Fourier transforms 
[lo-121, Laplace transforms [10,13,14], modulating 
functions [15] or the phase plane method [16]. 

‘* Present address: Limburgs Universitair Centrum, Uni- 
versitaire Campus, B-3610 Diepenbeek, Belgium. 

Simultaneous analysis of related fluorescence 
decay experiments has been suggested for the reso- 
lution of fluorescence spectra [17,18] and to im- 
prove the accuracy of the recovered parameters 
[19,20a]. The underlying principle of this method- 
ology is to utilize the relationships between decay 
curves by linking the common model parameters 
in the analysis [20a,20b]. It has been shown that 
this global approach helps both in discerning com- 
peting models and in the recovery of model 
parameters. This principle has been applied to the 
analysis of total luminescence decay curves in both 
real time [20a] and transform domains [14,17,19], 
or features from both domains may be used [21]. 
In a similar way, the two decay curves correspond- 
ing to the parallel and perpendicular intensity 
components in a fluorescence polarization experi- 
ment can be analyzed simultaneously by nonlinear 
least squares (NLLS) [22,23] or by Laplace trans- 
forms [14]. The NLLS implementation, which al- 
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lows for the analysis of complicated anisotropy 
decay laws [24,25], has been extended further [26]. 

Global analysis of multiple fluorescence decay 
curves may lead to situations involving several 
hundred independent parameters. Because of the 
iterative character of NLLS and because each fluo- 
rescence decay curve contains many data points, 
this method may require extensive computer time 
and memory. The recently described noniterative 
Laplace method (LAP2) [34] is well suited for 
global analysis. LAP2 has a high-speed perfor- 
mance and requires no initial guesses for the 
parameter values. It has previously been demon- 
strated that LAP2 performs well on single-curve 
analysis and with a combination of a small num- 
ber of experiments [14]. 

The aim of this paper is to generalize the theory 
of LAP2 and to show how it can he used in a 
global analysis of any number of experiments. The 
performance of the global analysis by LAP2 will 
be demonstrated on real and simulated data sets. 
As a typical application of global analysis, an 
alternative implementation for decay associated 
spectra (DAS) [17,27] will be discussed. It will also 
be shown that the convenience of the LAP2 method 
can be enhanced by deconvolution against the 
decay of a reference compound instead of the 
recorded instrumental response function. This ap- 
proach, which circumvents the wavelength depen- 
dence of the apparatus, has been described for 
other methods of analysis [28-311. 

2. Theory 

2.1. Principles of the Luplace deconvolution (single- 
curve analysis) 

In the following it will be assumed that the 
fluorescent sample under study behaves as a linear 
system. In an ideal experimental environment the 
time dependence of the fluorescence g(t) resulting 
from an excitation pulse r(t) can then be written 
as a convolution product of l(t) and the impulse 
response function f(t) of the fluorescent system, 

(1) 

The function f(t) has to be determined from the 
measurement of g(t) and I(t). In many cases f(t) 
can be described adequately by a sum of exponen- 
tial decaying functions, 

f(t) = i: a,e-“” 
i=l 

(2) 

The problem is then reduced to the estimation of 
theparametersa=(a ,,..., a,)and~=(~, ,..., 7,). 

Gafni et al. [13] indicated how the Laplace 
transformation [32] of eq. 1 can be used to recover 
a and 7. However, an iterative procedure was 
required because the transformation involves an 
interpretation beyond the actual time window of 
the experiment, 

Recently, a noniterative Laplace deconvolution 
(LAP2) was introduced [14]. This implementation 
is based on restricted transformations of g(t) and 
I(t). For a function p(t) on the interval [O,T], this 
transformation LT is defined by 

In the noniterative method LAP2, the parameters 
a and 7 are determined from systems of equations 
of the following form: 

(4) 

where 

c, = ,f( u) e-(r-u)/7, du J (5) 

Although in the initial development of LAPZ, 
I(t) was assumed to take zero value for t > T, eq. 4 
is completely general. It is shown in appendix A 
that eq. 4 is exact without any approximation or 
extrapolation. In the first presentation of LAP2, 
the explicit expressions for obtaining a and T were 
only given for n = 1, 2, 3. The equations for gen- 
eral n are derived in appendix B. For equidistant 
values of the transform parameters sj, i.e., s,,, = 
sj + kA, A > 0, the system of eqs. 4 can be rewrit- 
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ten as 

f: M,n[GT(s,)] D,(T) 
1-l 

=i~l~j-l.,[L’(4,]EiCu~ ‘1, (6) 

j=l ,...,2n, 

where for 1 G i G n 

E,(n, T) = c rk,rk,. . . Tk, 
l<k,<k,x... <k,<n 

X(ak, +ak2+ .-. +ak,)T 

Di(~) = c rk,rk,-.-rk,, 
l<k,<k2<... <k,sn 

(7) 

(8) 

and 

D,(T) = 1 (9) 

The operation M,$, on a transform P7(s) is de- 
fined by 

M,.n [ p=(s,)] = 5 ( - l)ki,(nn!j), PT(s,+k) 
k=O 

Xsi+kekAT (10) 
The system defined by eq. 6 is linear in the 

variables E,(a, T) and D,( 7). Once their values 
are obtained, the decay parameters are recovered 
as follows. The relaxation times r1 are the roots of 
the polynomial of degree n, 

t ( -l)‘Di(7)r”-i 
:=O 

(II) 

Once r is determined, a is readily obtained from 
&(a, T) by solving a linear system. 

The Laplace deconvolution method allows cor- 
rection for several instrumental artifacts. The 
scatter contribution SC can be estimated from 

= Mn,n[ L’(sj)] &D,(T) 

+ i JLl.,,[ WSi)] K;(a, 7, SC), 
i=l 

j=l ,...,2n+l, 02) 

with 

K(a, T, &)-E,(a, T)+&%,(T) (13) 

An approximate correction for the wavelength 
dependence of the detection photomultiplier can 
be obtained by shifting the experimental decay 
curve with respect to the recorded excitation [13]. 
The time-shift error Q can be taken into account 
by replacing Gr(.r,) by Gg(s;), 

2.2. Simultaneous analysis of multiple decay curves 

We now describe the procedure for the simulta- 
neous analysis by LAP2 of multiple decay curves 
which have some parameters in common. Consider 
a set of q experiments. For each experiment k 
consisting of the instrumental response function 
r,(t) and the recorded fluorescence gk(t) one has 

~D,i(l,)Dk,,-,~,4.(s,)r,.- -Dk.o(S,) 
,=l 

(15) 

with 

(16) 

Dk.t(Sj)=hl,.,[G~(s,)] 07) 

and where Dk,i and E,,, are the equivalents of the 
definitions in eqs. 7 and 8; nk denotes the number 
of exponentially decaying functions required in the 
considered experiment. 

For many systems of interest decay curves oh- 
tained at several excitation/emission wavelengths 
will exhibit linked decay times and varying pre-ex- 
ponential components. This means that each ex- 
periment gives rise to different functions E,,, and 
to equal functions of the lifetimes, i.e., Dk.i = D, 
for i=l,..., n; k=l,...,q. In this case a system 
of linear equations has to be solved for n(q + I) 
unknowns, {Ek,ilk=l ,..., q; i=l,.._, n) and 
{Dj]i= l,...,n}. The minimum number of equa- 
tions that has to be constructed from the experi- 
mental decay surface depends on the number of 
experiments and on the number of relaxation times. 
It is not required that the same number of equa- 
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tions of the type eq. 6 is generated from each 
individual experiment. When in total more than 
n( q + 1) equations are calculated the overde- 
termined system can be solved by applying least 
squares. Once the values of the functions D, are 
obtained, the relaxation times 5 are determined as 
indicated in section 2.1. Using the recovered val- 
ues for 3 and Ekei, the pre-exponentials for ex- 
periment k can be found. For the described lin- 
kage, each curve is analyzed for the same lifetimes. 
The pre-exponentials then indicate whether a par- 
ticular lifetime for the considered experiment con- 
tributes to the observed decay. 

The global analysis approach in NLLS as de- 
scribed by Knutson et al. [20a] is more general 
because curves may contain a different number of 
exponentials and any desired linkage between the 
parameters is possible. To achieve this with LAPZ, 
one has to solve the system of equations directly 
for the pre-exponentials and the lifetimes instead 
of solving for their functions E,,, and D,,,. Non- 
linear techniques must then be used. This version 
of the program will be referred to as nonlinear 
LAPZ. Although the nonlinear LAP2 is iterative, it 
is still a fast method because the numerous data 
points in the time domain are replaced by a few 
equations in the transform domain. Furthermore, 
as will be indicated below, storage of intermediate 
results in computer memory allows for efficient 
investigation of alternative linkages. The mapping 
of the parameters of each experiment into the 
global parameter vector of the total system be- 
comes more complicated in the general case. A 
scheme similar to that for NLLS [20a,26] can be 
used. 

2.3. Deconuolution against the decay of a reference 
solution 

The instrumental function I(t) is usually esti- 
mated from a measurement at the excitation wave- 
length of a scatter solution which replaces the 
sample. However, this procedure ignores the wave- 
length dependence of the instrument [33]. Several 
correction schemes have been suggested (for an 
overview, see, e.g., ref. 6). When the shape of the 
recorded excitation profile is only weakly wave- 
length dependent, the described Q-shift correction 

can be applied [13,34]. The use of a monoexponen- 
tial decaying reference solution has been suggested 
to estimate the function f(t) indirectly [33,35]. It 
has also been shown that the required information 
about f(t) can be obtained by performing the 
deconvolution directly against the observed decay 
of the reference, gK(t) [28-31,361, 

gR(t) = I(t)frC(t) (18) 

with 

fn(t) =aRei’/‘R (19 

The deconvolution against a reference using LAP2 
can be achieved as follows. Combination of the 
Laplace transforms of eqs. 1 and 18 leads to 

G(s)= G.(s)+ 
R s 

When f(t) is given by eq. 2 one obtains 

~+O/TR) n a, G(s)= CR(S) aR c 
r=l s+(1/7,) (21) 

or equivalently, by using partial fractions, 

G(s) = GR(+‘~ s +t;l,T,) + G,(s)bn+, (22) 

with 

for i=l,...,n 

b n+l=,glz 

(23) 

This means that g(t) can be considered as the sum 
of a multiexponential decay with the ‘excitation’ 
gR(t) and a ‘scatter’ contamination expressed by 
b n+l. The corresponding expression of eq. 22 in 
the time domain is given by 

g(t) = i: he-‘%,(t) + bn+,g,t(t) 
i=l 

(25) 

This result has been used by several authors 
[28- 31,361. The reference deconvolution using the 
restricted Laplace transforms LT can be realized 
as follows. As gR(t) plays the role of I(t), the 
reference deconvolution can be performed by 
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straightforward application of eq. 12, yielding 

2 M,,,[G+,)] Q(T) 
i=o 

+ k M-,.,,[G&)]K(b, 7, &+I) (26) 
i=l 

As already mentioned for the excitation profile 
I(t), it is not required that gR(t) vanishes at the 
end of the time window so that eq. 26 is generally 
applicable. This is also indicated in the alternative 
derivation given in appendix D. It is shown in 
appendix D that the coefficients M,_I,,,[LT(s,)] in 
the various equations can be evaluated in terms of 
Gk(Sj)> 

+~~W,n[Gi(s,)]} 
Introducing eq. 27 in eq. 6 gives 

(27) 

x E;(a’, T>> 

where 

(29) 

The two approaches expressed by eqs. 26 and 
28 are completely equivalent. The resulting equa- 
tions may be derived from each other. In the 
actual computer implementation, eq. 28 is used so 
that the same program can be used for the decon- 
volution against l(t) by putting rR formally equal 
to zero. Furthermore, this implementation is also 
convenient in the global analysis of multiple decay 
curves as has been described above. 

In the case that g(t) is contaminated by 
scattered excitation light, &I( t ), the deconvolu- 

tion against gR(t) can be shown to be 

g(t) = 2 h,e-“T 
i=l 

‘G(t)+ (4+, +$dt) 

with 

(31) 

and where bi, i= l,..., N + 1, are defined by eqs. 
23 and 24. The corresponding equation using the 
transforms L” can be obtained by combining eqs. 
12 and 27. 

In principal, it is not strictly required that 7R is 
known beforehand as its value can be determined 
from the system of eqs. 28. However, as has been 
found by others (29,311, more accurate results are 
obtained for multiexponential decays when rR is 
known, especially when there is a component with 
7, = TV. This raises the question of the determina- 
tion of TV. Its value may be found from a decon- 
volution against another monoexponential decay 
by solving the system formed by eqs. 28 in an 
iterative way for both lifetimes. Other procedures 
have been suggested by Zuker et al. [31]. 

2.4. The resolution of spectra by global analysis 

The advantage of using decay information for 
resolving the fluorescence spectrum of a heteroge- 
neously emitting sample into its components has 
been utilized in pulse fluorimetry [17,18,27] and 
phase fluorimetry [37]. Knutson et al. [27] use time 
windowing to generate time-resolved emission 
spectra from which the required spectra can be 
calculated by simple algebraic equations using pre- 
viously determined fluorescence relaxation times. 
An alternative method consists of performing a 
simultaneous analysis of the decay curves collected 
at the various wavelengths of emission [17,18,26]. 
This will be the approach we will focus on in this 
section. The equations for resolving the spectra 
using a global analysis will be stated explicitly and 
some specific features will be emphasized. 

Assume q species of molecules in the excited 
state after excitation at wavelength X,,. The fluo- 
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rescence relaxation at the emission wavelength h,, the collection of the two histograms in the multi- 
due to a delta excitation is given by channel analyzer. 

f(&,, x,nl, r) = 5 e,(& X,,) e-‘/T (32) 
J=l 3. Materials and methods 

The spectral contours a,(h,,, X,,) have been 
called decay associated spectra (DAS) [27]. These 
spectra reflect the species associated spectra (SAS) 
only when the species are independent. In the 
other cases, it is sometimes possible to derive SAS 
from DAS under specific conditions [27]. FOJ ex- 
ample, the spectrum of the monomer in an excimer 
reaction can be obtained by adding the pre-ex- 
ponentials obtained in a DAS analysis. This is 
particularly useful in intramolecular excimer stud- 
ies. The DAS global analysis can also be very 
useful in distinguishing a scatter contribution from 
a true fluorescence component. 

3. I. Materials 

Anthracene and 2-anilinonaphthalene were pur- 
chased from Molecular Probes and 9-cyano- 
anthracene was delivered by Aldrich. Methanol 
(ultraviolet spectral grade) was obtained from 
Burdich & Jackson and cyclohexane (gold label) 
from Aldrich. All materials were used as supplied. 
The air-saturated samples were measured at room 
temperature unless indicated otherwise. 

3.2. Instrumentation 

The nature of the problem in the analysis of a 
DAS experiment is well suited for a global ap- 
proach: the relaxation times can be linked over the 
complete decay surface and variations in the pre- 
exponentials with emission wavelength change the 
relative contribution of each lifetime component. 
A specific advantage of the global approach con- 
cerns the collection dwell times. It has been shown 
by Knutson et al. [27] that very short dwell times 
are sufficient to recover the DAS when the relaxa- 
tion times are known. In the described global 
approach for the DAS, the relaxation times will be 
well determined because they are linked over all 
decay curves. This means that the simultaneous 
analysis of decay curves with only a few hundred 
counts at the peak will reveal the DAS. The curves 
within the decay surface with a larger total count 
will have more impact on the final values of the 
parameters. It is worthwhile mentioning that the 
recovered pre-exponentials do not require ad- 
ditional normalization to reflect the technical fluo- 
rescence spectra. The pre-exponentials at the dif- 
ferent wavelengths are properly scaled under the 
following condition: the ratio of the photons 
emitted by the excitation source during the collec- 
tion of the excitation and emission profiles has to 
be constant at each wavelength. Furthermore, be- 
cause of the short dwell times the shape of the 
excitation profile is likely to be the same during 

The fluorescence decay curves were obtained by 
the time-correlated single photon counting method 
using a thyratron gated flashlamp from Photo- 
chemical Research Associates. The computerized 
instrument has been described elsewhere [3,38]. 
The detection photomultiplier was an Amperex 56 
DUVP type. 

3.3. Data analysis 

3.3.1. Implementation of the LAP2 global analyses 
In the LAP2 global analyses, the measured data 

for all the experiments need not all reside simulta- 
neously in the main memory. For each experiment 
the data are read only once from the mass storage 
device. When the transforms Gr(s,) and Lz(s,), 
and subsequently the values M,,,[GF(s,)] and 
M , _, n [ Lc(s,)] are calculated, the actual data in 
real time are no longer needed. It takes little effort 
then to perform single-curve analysis of each ex- 
periment contemporaneously as all the required 
transforms are already determined. 

The linear LAP2 can be implemented in two 
ways. The methods differ in the way the n(q + 1) 
unknowns Ek,i and Dj are determined from the 
system given by eq. 15. In the first implementa- 
tion, Ek,; and Dj are calculated simultaneously. In 
most cases, the system will be overdetermined. A 
solution can then be obtained by applying least 
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squares. The lifetimes are obtained from D, and 
the pre-exponentials thereafter from Ek,,. For a 
large number of experiments, memory restrictions 
may require reprogramming to provide efficient 
storage and handling of the sparse matrix of the 
system. An alternative can be provided as follows. 
For each experiment the elements M,.,[Gl(s,)] 
and A4, _1.,,[ Lc(s,)] are saved, either in the main 
memory or on a mass storage device. The un- 
knowns E,>, can be eliminated as suggested previ- 
ously [14]. It can be shown that [14] 

i: M,,,Q=O (33) 
j-0 

with 

M,,i=~~~,~[G:(s,)] M,-,,,[‘E(s,)] ... 

... MU,n[LT(sj)] l=l,,,,,n (34) 

This will finally lead to an overdetermined sys- 
tem in the unknowns 0,. The symmetric matrix 
(n X n) of the normal equations in the least squares 
is built up while passing through the calculations 
for each experiment. Hence, the elements Mk,, do 
not have to be saved for each experiment. Esti- 
.mates for D, and hence for 71 are readily obtained. 
These values and the stored coefficients M,,, 
[G~((s,)] and M,-, “[Li(s,)] for each experiment 
are then used to se; up a linear system from which 
Ek.i can be determined for each experiment sep- 
arately. An outline of this implementation of the 
linear LAP2 analysis is given in appendix E. Both 
implementations for the linear LAP2 give the same 
results. 

It is also recommended that M,,,[Gl((sj)] and 
A4, I,n [ LL(s,)] are stored in the nonlinear LAP2, 
because the calculation of the transforms is the 
most time-consuming step in the analysis. In this 
way, a rapid evaluation of analyses with alterna- 
tive linkages between the parameters can be per- 
formed. To obtain the solution of the overde- 
termined nonlinear system we use the Newton 
method where the derivatives in the linearization 
are calculated analytically. The increments for the 
parameters in each iteration are obtained by 
applying the Householder transformation [39] to 
the overdetermined system. Initial guesses for the 

nonlinear LAP2 may be estimated from the single 
curve analyses while the values for M,.,[Gl(.s,)] 
and M,_ 1,,1[ L:(s,)] are calculated, 

Ail programs are implemented on an HP 1000 
system (RTE-6VM) using HP Fortran 77. The 
programs for the described Laplace methods use 
double precision arithmetic (8 bytes). The values 
for the transform parameters were as follows: s, = 
0 and increments A of 0.002 or 0.005. As in the 
original LAP2 [14], the Simpson integration rule 
was used in this work. The values for the trans- 
form parameters are restricted by the overflow and 
underflow condition on the computer. 

3.3.2. Implementation of the NLLS global unulysis 

The procedure for global analysis using NLLS 
has been described in previous reports [20a,20b,26]. 
The NLLS implementation uses single precision. 
All NLLS analyses used Gaussian weighting. 

4. Results 

The performance of the global analysis by the 
LAP2-transform method was tested for multiex- 
ponential model functions on simulated and real 
data sets. In general, it was found that whenever 
the linear and nonlinear LAP2 were both applica- 
ble, the same estimates for the decay parameters 
were obtained. In the following, the results ob- 
tained by the described Laplace methods will be 
also compared with the NLLS estimates. The 
standard deviations u, of the latter are calculated 
under the linear approximation of the model. 
Wherever a deconvolution of real data against a 
measured excitation profile is performed, the 
wavelength dependence of the detection system is 
approximatively corrected for by the described 
Q-shift. 

A first example concerns an experimental data 
set which was used by Knutson et al. [20a] to 
demonstrate the performance of the NLLS global 
analysis. The data consist of the fluorescence re- 
laxations observed at six different emission wave- 
lengths of a mixture of 9-cyanoanthracene and 
anthracene in methanol. In order to diminish the 
difference between the two lifetimes, potassium 
iodide was added as a quencher. Fig. 1 displays 
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Fig. 1. Fluorescence lifetimes obtained from a mixture of 
9-cyanoanthracene and anttuacene in methanol quenched by 
KI: LAP2 single curve analysis (x), LAP2 global analysis 

(---- ) and NLLS global analysis (- - - - - -). The decays were 
measured over 511 channels; timing calibration, 0.102 ns/ 
channel; full-width at half-maximum of the excitation profile, 
= 2 ns: excitation wavelength, 337 nm. 

the two fluorescence lifetimes recovered by analyz- 
ing each experiment separately by LAP2. A similar 
pattern was obtained by performing single-curve 
analysis using NLLS [20a]. However, the lifetimes 
observed with the individual unmixed compounds 
did not show any wavelength dependence and 
were found to be 4.6 ns for 9-cyanoanthracene and 
3.2 ns for anthracene [2Oa]. Because of the rela- 
tively small difference between the two lifetimes, 

the results of the individual analyses are strongly 
influenced by the relative contributions of each 
fluorophore to the observed total intensities. The 
single-curve analysis by LAP2 and NLLS showed 
the same variation in the recovered lifetimes over 
the investigated wavelength region. The global type 
of analysis is the method of choice for this data set 
because the fluorescence lifetimes can be linked 
over all decay curves. The simultaneous analysis of 
the six curves by LAP2 yields lifetime values of 
4.56 and 3.02 ns. Almost identical values were 
obtained by NLLS globals, 4.57 ns (a = 0.03) and 
3.07 ns (ci = 0.02). 

To test the ability for resolving decay associated 
spectra, a mixture of anthracene (7, = 3.7 ns) and 
9-cyanoanthracene (r2 = 11.5 ns) in methanol was 
examined at room temperature. The solution was 
excited at 357 nm. Fluorescence decay curves were 
collected every 2 nm (with dwell times of only a 
few minutes) in the wavelength region 370-550 
nm. The excitation profiles were measured con- 
temporaneously (full-width at half-maximum f 2 
ns, peak value = 800 counts). The fluorescence de- 
cay surface constructed from the 90 decay curves 
is represented in fig. 2. The 90 decay curves were 
analyzed simultaneously by LAP2 by linking the 
two fluorescence lifetimes over the complete decay 

Table 1 

Global analysis of simulated quadru-exponential decays 

S.D. indicates the standard deviation estimated under the linear approximation. The channel width was 0.102 ns; the full-width of 
half-maximum of the used excitation profile was about 2 ns; the total number of counts in the 511 channels of the decays ranged from 
1 x lo6 to 2.8 x 106. 

Simulation Lifetimes (ns) Amplitudes (ns ‘) 

1 3 7 10 Simulation no. 1 

0.1 0.1 0.1 0.1 

LAP2 0.8 3.0 7.0 9.9 0.10 0.11 0.09 0.11 

NLLS 1.1 3.0 6.0 9.6 0.11 0.08 0.07 0.13 
(S.D.) (O-3) (2.0) (2.0) (0.5) (0.05) (0.02) (0.03) (0.04) 

LAP2 1.00 3.3 6.9 9.8 0.113 0.099 0.08 0.11 

NLLS 1.02 3.0 7.0 10.0 0.103 0.095 0.10 0.10 
(SD.) (0.05) (0.2) (0.2) (0.2) (0.008) (0.006) (0.01) (0.01) 

LAP2 0.95 2.9 7.1 10.2 0.102 0.098 0.12 0.09 

NLLS 1.01 2.9 7.1 10.1 0.102 0.096 0.11 0.09 
(S.D.) (0.06) (0.2) (0.2) (0.21 (0.008) (0.006) (0.02) (0.01) 
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Fig. 2. Fluorescence decay surface of a mixture of 9- 
cyanoanthracene and anthracene as a function of emission 
wavelength and time (X,, = 357 nm, channel width = 0.102 ns). 
(For clarity, not all decay curves are shown.) 

surface. According to eq. 32, the preexponentials 
then reflect the decay associated spectra. The total 
number of unknown parameters for this case is 
182. The analysis with LAP2 took about 40 min 
on an HP 1000 multi-user system. The iterative 
NLLS global analysis required about 7 h. The 
recovered pre-exponentials are well superimposa- 
ble on the spectra obtained from each component 
separately (fig. 3). 

The ability of LAP2 to resolve four exponen- 
. 

1 

WAVELENGTH (NM) 

Fig. 3. Recovery of the technical fluorescence emission spectra 
9-cyanoanthracene (x) and anthracene (0) by global analysis 
of’ the decay surface shown in fig. 3. The solid lines represent 
the spectra of the unmixed samples. 

tials was also tested. Four simulations of quad-ex- 
ponential decays were performed with common 
relaxation times of 1, 3, 7 and 10 ns and various 
sets of pre-exponential factors (see table 1). 
Single-curve LAP2 analyses for four exponentials 
yielded only three positive lifetimes with values in 
the neighborhood of 1, 3 and 9 ns. In the single- 
curve NLLS analyses a dependence of the final 
estimates on the initial guesses was noticed. This is 
usually taken as an indication that a simpler model 
deserves the preference [40]. Indeed, the three- and 
four-component mode1 gave almost equal xz val- 

Amplitudes (ns-‘) 

Simulation no. 2 Simulation no. 3 Simulation no. 4 

0.1 0.2 0.4 0.3 0.2 0.05 0.2 0.05 0.05 0.2 0.05 0.2 

0.11 0.19 0.39 0.3 

0.14 0.15 0.32 0.4 
(0.06) (0.07) (0.08) (0.1) 

0.13 0.19 0.35 0.33 0.206 0.05 0.190 0.058 

0.11 0.18 0.41 0.30 0.203 0.04 0.203 0.050 
(0.01) (0.01) (0.04) (0.03) (0.006) (0.01) (0.006) (0.009) 

0.12 0.18 0.45 0.26 0.198 0.06 0.207 0.04 0.05 0.196 0.08 0.18 

0.11 0.19 0.43 0.27 0.201 0.05 0.208 0.04 0.05 0.198 0.07 0.19 
(0.01) (0.01) (0.05) (0.04) (0.008) (0.01) (0.008) (0.01) (0.01) (O.OW (0.03) (0.02) 
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ues, where 4. 00 , 

a, are the standard deviations of the observed data 
y,“; the J$ are the corresponding calculated values 
and v denotes the degrees of freedom in the analy- 
sis. In all cases the inappropriateness of the bi-ex- 
ponential model was clearly indicated by signifi- 
cantly higher xf values. 

Much better performances of LAP2 and NLLS 
were obtained with global analyses. The results of . . . _ 
the simultaneous analysis of two, three and four 
simulated decay curves are summarized in table 1. 
It can be seen that good recovery of the parame- 
ters is obtained by both methods, considering only 
two curves simultaneously. For all multiple anal- 

4 
NUMBEi OF LIFETImES 

Fig. 4. The reduced XT values resulting from the NLLS global 
analyses of the simulated decay curves in table 1. The numbers 
of cwws considered in the global analysis are indicated as 
parameters near the curves. 

Table 2 

Reference deconvolution of a simulated tri-exponential decay 

SD. indicates the standard deviations obtained under the linear approximation of the model function. The deviations from the correct 
rn are indicated within brackets. The simulated decay ranged over 511 channels; the channel width was 0.102 ns; the full-width of 
half-maximum of the excitation profile was about 2 ns with a peak value of 20000 counts. 

Simulation 

Lamp 
deconvolution 

LAP2 
NLLS 
(SD.) 

Reference 
deconvolution 
LAP2 

TR (ns) 
0.95 (-5%) 
1 
1.05 (+5%) 

1.9(-5%) 
2 
2.1 (+5%) 

4.75 (- 5%) 
5 
5.25 (+5%) 

9.5 (-5%) 
10 
10.5 (+5%) 

a1 a2 a3 71 -2 ‘3 

04 W (ns) 

0.571 0.286 0.143 1 5 10 

0.58 0.28 0.14 0.96 5.0 10.1 
0.58 0.29 0.13 1.01 5.2 10.1 

(0.01) (0.01) (0.01) (0.02) (0.2) (0.2) 
l 

0.61 0.26 0.13 0.95 5.1 9.9 
0.58 0.28 0.14 1.02 5.1 9.9 
0.55 0.30 0.15 1.06 5.1 10.0 

0.61 0.26 0.13 0.98 5.1 10.0 
0.58 0.28 0.14 0.98 5.1 10.0 
0.55 0.30 0.15 0.91 5.1 10.0 

0.59 0.29 0.12 1.01 4.9 10.1 
0.58 0.29 0.14 1.01 5.1 10.1 
0.57 0.28 0.15 1.01 5.4 10.1 

0.58 0.30 0.12 0.98 5.0 9.5 
0.57 0.28 0.14 0.98 5.0 10.0 
0.57 0.27 0.16 0.98 5.0 10.5 
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yses, the recovery of the simulation parameters is 
good and the results obtained by LAP2 and NLLS 
are quite comparable. Note the decrease in the 
uncertainty on the parameters when a third decay 
is included in the global analysis. The simulta- 
neous analyses of three and four experiments yield 
almost the same standard deviations on the 
parameters. Also, the distinction between the mod- 
els with three and four exponentials is more evi- 
dent as the number of globalized curves is in- 
creased (fig. 4). The influence of initial guesses on 
the recovered parameters disappears in these NLLS 
global analyses. 

The use of the deconvolution against the mea- 
sured decay of a reference was first tested on 
simulated data. As pointed out in section 2, this 
type of deconvolution can be performed without 
knowing the lifetime of the reference, rn. In 
single-curve analysis the recovery of the simulation 
parameters was found to be poor when the un- 
known rn was close to one of the lifetimes of a 
multi-exponential decay. Therefore, we recom- 
mend the use of the reference deconvolution with 
unknown rn in single-curve analysis only for a 
mono-exponential decay. The same conclusion has 
been drawn for the reference deconvolution using 
NLLS [29]. The reference deconvolution with un- 
known rR may be better conditioned in a multi- 
ple-curve analysis due to the linkage between the 
parameters. In this approach one may consider 
either several decay experiments and a single non- 
characterized reference decay or several different 
reference decays in combination with the decay 
experiment(s). These procedures were not investi- 
gated as the emphasis in this contribution is on 
noniterative methods. 

In the following, the reference deconvolution 
with known in in multi-exponential analysis will 
be discussed. Its performance will be illustrated 
first on a simulation of a triple-exponential decay 
(~1’ = 0.4 ns-‘, 7’ = 1 ns, a2 = 0.2 ns- ‘, 72 = 5 ns, 
a3 = 0.1 nsC’, ~~ = 10 ns). To investigate the effect 
of the value of the reference lifetime, four different 
mono-exponential reference decay curves were 
generated from the same excitation profile. One 
value for in was chosen to be 2 ns and the three 
other values were taken equal to the lifetimes in 
the simulation of the triple-exponential decay. As 

rR in these reference deconvolutions is fixed, it is 
important to know how the values of the recovered 
parameters change with a deviation in rR from the 
correct value. For each of the four values for rn, 
two other values were considered: 1.057, and 
0.95rR. The results of the regular lamp deconvolu- 
tion by NLLS and LAP2 and of the 12 reference 
deconvolutions by LAP2 are summarized in table 
2. The estimates obtained by the lamp deconvolu- 
tion show that the simulation parameters can be 
recovered from the data. The four referencsdecon- 
volutions with the correct values for rR all perform 
equally well. This indicates that rR does not have 
to be shorter than the shortest lifetime appearing 
in the decay. The same conclusion was arrived at 
using the reference deconvolution by NLLS [29]. 
In addition, the reference deconvolution with 
known rR will recover the decay parameters quite 
well when rR is nearly equal or identical to a 
lifetime component in the decay. Acceptable 
parameter values are also obtained when the value 
for rR in the reference deconvolution deviates 5% 
from the correct value. In these cases, the dif- 
ferences between the estimates and the simulation 
parameters become more pronounced when the 
corresponding correct value of rR is smaller. It can 
be seen from table 2 that when the correct value of 
TV is equal to a lifetime in the decay, a reference 
deconvolution with an incorrect value for ~a also 
returns practically the same incorrect value for the 
corresponding lifetime component with minimal 
effect on the other lifetimes. 

To obtain values for unknown reference life- 
times, their corresponding decays can be decon- 

Table 3 

Deconvolution of two simulated mono-exponential decays 

against each other 

Simulation parameters Recovered values 

71 72 71 72 

W W 04 W 

1 2 0.938 1.93 
1 5 0.981 4.96 
1 10 0.992 9.98 
2 5 1.99 4.98 
2 10 2.00 10.0 
5 10 4.99 10.0 
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Table 4 

Global analysis of fluorescence decay surface of 2-anilinonaphthalene in cyclohexane in the presence of 0.1 M ethanol at 25’C 
(h,, = 337 nm) 

In the lamp deconvolutions with NLLS and LAP2, the same Q-shift was used. The reference deconvolutions were performed against 
the decay of 2-anilinonaphthalene in cyclohexane. A lifetime value of 4.35 ns was used. The decay curves contained 511 data points; 
the channel width was 0.05 ns; the full-width at half-maximum of the excitation profile was about 2 ns; the peak of the decays 
contained about 12000 counts. Standard deviations are obtained under the linear approximation of the model function and are 
denoted within parentheses. 

A em 

04 
Q 
(ns) 

360 

370 

0.000 

0.005 

380 0.039 

390 0.078 

400 

420 

430 

0.099 

0.095 

0.120 

NLLS LAP2 LAP2 
lamp 
deconvolution 

r, = 0.75 ns (0.05) 
72 = 1.95 ns (0.02) 
7s = 5.378 ns (0.006) 

0.33 0.54 0.122 
(0.01) (0.01) (0.001) 
0.14 0.65 0.205 

(0.01) (0.01) (0.001) 
- 0.07 0.52 0.404 

(0.01) (0.01) (0.003) 
- 0.08 0.23 0.687 

(0.01) (0.01) (0.005) 
-0.12 - 0.03 0.854 

(0.01) (0.01) (0.005) 
- 0.08 - 0.25 0.670 

(0.01) (0.01) (0.003) 
0.02 - 0.343 0.639 

(0.01) (0.009) (0.003) 

lamp 
deconvolution 

7, = 0.72 ns 
7,=1.97 ns 
7, = 5.349 ns 

a1 a2 a3 

0.35 0.52 0.121 

0.21 0.59 0.200 

- 0.05 0.52 0.430 

- 0.04 0.21 0.750 

- 0.09 -0.05 0.855 

- 0.07 - 0.26 0.669 

0.03 - 0.345 0.621 

reference 
deconvolution 

7, = 0.70 ns 
r2 =1.96 ns 
7s = 5.322 ns 

ai a2 

0.33 0.55 

0.14 0.65 

-0.05 0.51 

-0.04 0.20 

- 0.09 -0.07 

-0.06 - 0.27 

0.02 -0.342 

a3 

0.121 

0.208 

0.434 

0.754 

0.847 

0.668 

0.636 

volved against each other by solving the system 
formed from eqs. 28 in an iterative way for rR. An 
example of this procedure is shown in table 3. 
Although both single lifetimes were freely adjusta- 
ble in this iterative procedure, the recovery was 
very good when the lifetimes were sufficiently 
different. Reasonable values were still obtained for 
the case where the reference lifetimes were 1 and 2 
ns. 

An example of the reference deconvolution with 
known 7R in global analysis will be demonstrated 
on fluorescence relaxation data of 2-anilino- 
naphthalene (2AN) in cyclohexane in the presence 
of small amounts of ethanol. It has been reported 
earlier that 2AN in this mixture undergoes a re- 
versible two-state excited-state reaction [41]. This 
was based on single-curve analysis. We have now 
reinvestigated the behavior of 2AN in cyclohexane 
doped with 0.1 M ethanol at seven emission wave- 

lengths at 25°C. The single-curve analyses by lamp 
deconvolution indicated that the data were well 
described by a double-exponential decay at all 
wavelengths. Simultaneous analysis of the curves 
at the various emission wavelengths by linking the 
two lifetimes yielded a rather high xf value of 
1.96. The surface of the residuals and their corre- 
sponding correlation functions revealed nonran- 
dom distributions. Global analysis of the same 
data set for a tri-exponential decay model de- 
creased the xf value by the significant amount of 
0.66 units and the structure in the residual surfaces 
disappeared. The parameter estimates obtained by 
lamp deconvolutions using NLLS and LAP2 are 
summarized in table 4. This table also shows the 
results obtained by a global analysis with the 
Laplace reference deconvolution. The reference 
solution was 2AN in cyclohexane with a lifetime 
value of 4.35 ns. Both types of deconvolution 
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yielded similar parameter values. It may be con- 
cluded that for the considered wavelength region 
the Q-shift correction was a valid approximation. 

5. Conclusion 

In this contribution, both an iterative and non- 
iterative global analysis using modified Laplace 
transforms has been described. In many applica- 
tions, only the fluorescence lifetimes need to be 
linked over the fluorescence decay surface. Atten- 
tion is focussed on the noniterative Laplace global 
analysis although the iterative Laplace global anal- 
ysis performs equally well. It has been shown that 
this unique noniterative global method compares 
very well with the NLLS global analysis. The 
linear implementation is very fast and is easy to 
use in practice because no initial guesses are re- 
quired. Moreover, this method does not require 
extended memory facilities as does NLLS to per- 
form efficiently. The number of experiments that 
can be globalized by the linear LAP2 is not re- 
stricted by the size of the logic memory of the 
processor. This makes the linear LAP2 global 
analysis the method of choice for obtaining decay 
associated spectra with a small dedicated com- 
puter. The convenience of the noniterative Laplace 
method is further enhanced by the capability of 
performing the deconvolution against the mea- 
sured fluorescence decay of a reference. The same 
program can also be used to perform the regular 
lamp deconvolution by setting the lifetime of the 
reference formally equal to zero. To obtain statis- 
tics on the parameter estimates, the global analysis 
by LAP2 and NLLS can be combined. When the 
LAP2 global analysis provides the initial guesses 

Appendix B: Derivation of eqs. 6 and 10 

Eq. 4 can be rewritten as [14] 
” n 

for the iterative NLLS method, we find that the 
latter requires only a few iterations. 

Appendix A: Derivation of eq. 4 

For the model function j(t) in eq. 2 the con- 
volution product g(t) can be written as 

II 

(Al) 

zi(t) =~ll(u)o,~-““‘/‘. du (A21 

is the contribution of the i th component in f(r) to 
the convolution product g(f). Note that zi(t) is 
purely mathematical and does not have to be 
associated with a particular excited species. Con- 
sidering the restricted transformation over the in- 
terval [0, T] of g(t) yields 

G=(S)= 5 Z,‘(s) (A31 
i=l 

Evaluating Z,‘< s ) by partial integration and taking 
into account that 

dz.(t) r= -(l/+,)z,(f)+a,l(t) 
dr 

gives 

z,‘(s) = -(1/s)e-‘%,(T) -(l/ST,)Z~(S) 

+(%/+=(S) (A51 

Rearranging eq. A5 and performing the summa- 
tion in eq. A3 gives eq. 4 when using zi(T) = u,ci. 

G’(s,) c sJD,(T) = LT(sj) c s,fp’Ei(a, T) -eeSJT 
1=l i=l 

j=l ,...,3n (Bl) 
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with 

&(a, 7, c) = c rk,rk,. . 7k,(aklCkl + ak2Ck2 + . . + uk,ck,) w 

lak,<k,< ___ <k,<n 

It is shown in appendix C that eq. Bl can be derived in an alternative way which emphasizes the similarity 
between LAP2 and other transform methods. The functions H,(a, T, c) can be eliminated from the linear 
system (eq. Bl) by constructions of the following type for 19 m < 2n: 

e --s,T e -S,T s, . ..e -"mTs;-'GT(s,) + G=(s,) 5 si R [ i=l m ,] -LTO[ & sk-%] 
e -&W+lTe-h,+lTS m+~...e -“m+‘Ts~;~GT(s,+l) + GT(s,+, ) [ ~ls~+lDi] - Llr,,ll[ jllsL+llEi] =O 

e -4n+.Te-%l+. Tsm+n...e -"m+nTs;;',GT(s,+,) + GT(s,+, 

(B3) 

Expansion of eq. B3 along the last column yields 

; (-1)’ GT(s,+,)+GT(s,+,) t ’ -D - LT( 
j=O 

i 

[ i=~+, I] Sm+jI[ ilJAEiljEl] [ &~e’m+nT~ 5,“) = 0 (B4) 

where y,n denotes the Vandermonde determinant, 

1 s, . . . s;- ’ 

S m+j-1 

S m+j+l 

. . . 

. . . 

n-1 
',+J-1 
s”-l 

m+j+l 

. . . . 
1 s,+, n-1 . . . sm+, 

It can be shown that [44] 

7.n = OGI~kr;n(Sm+k - %+I) 

I,k#j 

Using transformation parameters satisfying 

‘tn+k -snl+I =(k-l)A A>0 

q,n can be written as 

ow 

ON 

W) 

( w v. = A”(“-1)/z 
I?" 
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The final equations for E, and D, are obtained by substituting eq. B8 in eq. B4 and multiplying the result 
by the factor 

[ I[ fI e’“,+, 

i=l 

fYcne1)~2fi (n - i)!] -’ (B9) 

The final result will yield eq. 6 when using the notation defined by eq. 10. 

Appendix C: Alternative derivation of eq. Bl 

It can be shown that for the model function f(t) in eq. 2 the functions g(t) and I(t) are related by the 
following differential equation [15] 

n 
5 D,(,r)g’(t)= c &(a, T)!“-‘j(i) (Cl) 

i=O i=l 

where g”‘(t) and I”‘(t) denote the ith time derivative of g(t) and Z(t). Ln the different transform 
methods, eq. Cl is multiplied by a specific function p(t) and an integration over time is performed [42,43], 
yielding 

~ Di(7)jo~~(‘)g”‘(‘) dl= ~ Ei(P, ~)jo”~(r)/‘i-“(t) dt 
r=O 1=1 

(C2) 

In LAP2, the integration is performed over the time interval [O,T] and p(t) = exp( --a). This particular 
transform gives 

i D,(r) &T(s) + ‘2 S++-/-‘)(T)e-‘T- g”-‘-” 
r-0 1 j-0 

= ;E,(o, T) 

i-2 

s'-Y(s)+ c Sk[w-*)(T) 

r=l j=O 

xe -s*_ p-‘-y())] 

It can be shown that 

i-l 

g(‘)(t) = I( t )f”‘( t ) + c I”‘( t)p-‘yo), 

j=O 

n-i 

~%(a, T) = c D,+,b)f”‘@) 

j=O 

The restricted transform LT of the ith derivative of a function p(t) is given by 

i-l 
LT(P(i))=SipT(s)+ C ,j[p(I~J-')(~)e-~T_p(i-j-l)(o)] 

j=O 

(C3) 

(-1 

cc51 

(W 
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Using eqs. C4-C6, an elaborate calculation which will not be given here, yields the following equations 

t-1 

k 4(T) c 

n-1 1-2 

sJg”-“-l’(o) = c &(a, T) c sv-j-2)(0), (CT 
i=l j=O 1=1 J-0 

i D.(T)~~~s’g”-j-l)(~) = ; PH,(u, 7, c), 
i=l r=l 

where H,(a, T, c) is defined by eq. B2. From eqs. C3, C7 and C8, eq. Bl is readily obtained. 

Appendix D: Derivation of eq. 27 

Considering the decay gn(t) of the reference 
solution, one may deduce from eq. 6 for n = 1 that 

%~R~O,l[ Ws,)] 
=M,,,[GC(sj)] + QCW.I [ GT,(S,)] (D1) 

For j = 0,. . . , n - 1, eqs. Dl are multiphed by 

k+)*k,( n;k),3;-le”r . n 
(D2) 

Adding respectively the left- and right-hand sides 
of the n resulting expressions leads to eq. 27 when 
using the property that 

5 wi’(nn~j)‘s;=o 
j=O 

(D3) 

for 0 < i < n - 1. 
The property in eq. D3 can be proven from the 
identity 

~~;lsJ+;....s;-‘~=o _,=o . . . ..n (D4) 

forO<i<n-1. 
Expansion along the first column gives 

g (-l)‘.sjv,,,=O (D5) 
j-0 

where y,n is defined by eq. B5. 
Use of the result in eq. B8 then leads to the 

justification of property in eq. D3. 

((3 

Appendix E: Outline of the implementation of the 
linear LAP2 

Step 1. For each decay experiment k: 
1.1. 
1.2. 

1.3. 

1.4. 

Read a(t) and ldt) [or gR,dt)l. 
Calculate coefficients in eq. 28 (TV = 0 
if lamp deconvolution); save results 
on disk. 
Calculate determinants Mk,r defined 
in eq. 34. 
Use Mk i to calculate contribution of 
experimknt k to the matrix GLO- 
BALD corresponding with the normal 
equations of the total system. 

Step 2. Determine Di(7) from GLOBALD. 

Step 3. Recover 71 from O,(T) according to eq. 11. 

Step 4. For each decay exueriment k: 
4.1. 

4.2. 

4.3. 

Read stored coefficients of eq. 28 from 
disk. 
Use recovered values of 71 to con- 
struct linear system for E,,,. 
Solve linear system for uk,,. 

Note added in proof (received 25 November 1985) 

In a recent publication [45], we demonstrated 
that the species associated spectra (SAS) can also 
be obtained for systems undergoing excited-state 
reactions. 
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